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1. INTRODUCTION

Let S < R be the simplex defined by
S={xeRx,20,i=1,2,.,d 1—|x|>0}.

By L?(S), 1 < p< +00, we denote the space of (the equivalence classes of )
Lebesgue measurable functions f on S for which the norm || /2 =f |17
is finite; C(S) denotes the space of continuous functions on § equipped
with the maximum norm. Let e L'(S). For each ne N _, the Bernstein-
Durrmeyer polynomial of f is defined by

o

Vxes Vn(f’x)z Z Dkn(f) Pkn(x)! Dkn(f)z%‘—f}:ﬂ’
kn

|ki<n

where p, ,(x) are the Bernstein basis polynomials in &,(S)--the subspace of
polynomials of degree <n, i.e,

n!

k(1 _ n— |kl ——
x5(1 — [x]) and | py, T

n!
Pl = = )1
Here and in the following, for x=(xy,x,,.., x,)eR? and k=
(ki» ks, .. k)€ N?, we denote as usual

d
x| =3 x,, XK= x¥ixke oo xke

i=1

d
K=Y ko,  Kl=ktky!---k,L

i=1
These polynomials were introduced and studied by Derriennic [6] in 1985,
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for the one-dimensional case by Derriennic [5] in 1981. For d =1 Ditzian
and Ivanov [7] characterized their approximation behavior in 1989. In
two papers [2,3], the first- and the last-named authors considered the
Bernstein—-Durrmeyer polynomials on [0, 1] with respect to the Jacobi
weights and pointed out that the polynomials could be identified with
the de la Vallée-Poussin means of a Jacobi series. A characterization of the
approximation behavior was given for the weighted L? spaces by use of the
Peetre K-moduli between the Lebesgue spaces and weighted Sobolev
spaces. Going back to the original Bernstein—-Durrmeyer polynomials on
[0,1], we have that for each neN,, the Legendre polynomials Q.,
0 <k < n, are the eigen-functions of V,, more precisely,

n! (n+1)

VuOik=Atn Qs where 4, = n—K) (n+k+ 1)

From this it follows that for an fe L?(0, 1) the approximation behavior of
{V.f}>X , can be completely characterized by the Peetre K-modulus
K(f.t; L*, D?), t >0, where for 1 < p< +00,

D?(0, 1)={fe L?(0, 1)| £, " are La.c.on (0, 1),
@*(x) f'(x) > 0as x >0+, 1 —, and Uf e L7(0, 1)},

while for p = oo,

D[0,1]={feC[0, 1]) feC¥0, 1),
©*(x) f'(x)»0asx -0+, 1—, and Uf e C[0, 1]}.

Here, U is the differential operator associated with the Legendre polyno-
mials; i.e., Uf = (@), o(x)=/x(1—x), and D?(0,1) and D[O, 1] are
equipped with the semi-norms ||Uf || , and ||Uf ||, respectively.

It seems commonly more satisfactory to have a characterization of the
approximation behavior via moduli of smoothness. The main effort in
[2,3] was thus devoted to replacing K(f;t; L?, D”) by an appropriate
modulus of smoothness, as defined by Ditzian and Totik [8, Chap. 2]. The
latter is known to be equivalent to the K-modulus K(f t; L?, Wﬁ;z), where
for 1< p< +o0,

W’;;2(0, 1)={feL?(0, 1)| f, f" are La.c. on (0. 1), and ¢*f" € L*(0, 1)},
while for p= +o0,
C2[0,11={feC[0,1]| feC*0, 1), QHx) f'(x)=»0asx—»0+,1—}.

In the present paper, we follow this outline to study {V,}>_, on the
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simplex ScR? d>2. It turns out that the abstract theory is almost
independent of the dimension; i.e., for an fe L?(S) the approximation
behavior of {V,f}>_, can be characterized completely by a d-dimensional
analogue of K(f ¢t; L?, D), t >0, where D?(S) is given abstractly via the
Legendre coefficients of f on S. A characterization of D?(S) by means of
differentiability properties seems to be more difficult as compared to
DP(0, 1); a characterization of the approximation behavior of {V,f}>
through a modulus of smoothness presents further difficulties. We shall give
a complete answer only for fe L*(S).

2. SIMPLE PROPERTIES AND SATURATION

First we list some basic properties of the operators {V,}>=_,, cf. [6].

(1) VneN,,V,:L?(S)>2%,1<p< +oo, is a positive, linear con-
traction. In particular,

1+ nx;

V., (1 =1 d V (x. -
(1, X) an X, X) Tidil

1</<d

It follows that the sequence {V,}>_, forms an approximate identity on
LP(S), 1 < p< o0, and C(S), p= 0.
(2) Vk,neN,, V. (#)<2. Moreover, for me N?, |m| <n,

m, _.M_ 3 E-'- m —L *
V. (x ’x)—(n+d+lml)!s=o s! (s)(n—lsl)!x’

where

m m my |
seN., T =% .Y and ('“) m!

o o o S s!(m—s)!’

(3) With respect to the bilinear form (f, g>={[fg, VneN,, the
operator V, is self-adjoint, i.e.,

Vi geL(S), (V.fig>=LfV.8)

For every k2 1, we denote by &, the subspace of % which is orthogonal
to #,_, on S w.r.t. the inner product (-, - >. Furthermore, for each ke N,
me N7 and |m| =k, we denote the polynomials in & with a monic leading
term by Q%), ie.,

Q¥(x)=x"+q(x)e &, where geZ, .
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We set
Ry =<O®, 0%>,  Im|=|m'|=k

For a function f € L'(S), its series expansion w.r.t. {Q% |meN¥, m| =k}
is defined by

Z Z a(k)(f) Q(k)

k=0 |m|=k

where the functionals a'*’ are determined by the linear system of equations

Y R al()=<f08>=148(f), Im|=k

jm’| =k

The coefficient matrix of this system

k) _ (k)
H _(hm,m’)|ml=k,lm'|:k

is of the size e, x e,, where e, =(*7¢ ") is the number of indices me N¢
such that |m|=k. Since A% . =h% . an order can be given to
{meN?||m| =k}, e.g, the lexicographical order, such that the matrix H*
is symmetric. Once this order is given, the matrix is clearly positive definite
and {a®|meN? |m|=k} are continuous linear functional on L'(S). It

now follows from (2) and (3) (cf. [6]) that
(4) VkeN,, the space &, is an eigen-space of V, associated to the
eigen-value
n! (n+d)!

A, = O0<k<n;
T k) n+k+d) ¢

ie., YmeN¢, |m| =k, the polynomial Q¢ is an eigen-function of 4, . In
particular,

Vafix) Z M 2, ap(f) QR(x).

k=0 Im| =4

It follows from Appell and Kampé de Fériet [1, Chaps. VI, VII] that
Q¥ satisfies the partial differential equation

UQ®) = —k(k +d) Q% meN? m| =

where

U= Y x(1—-x)D}-2 Y xx,D.D,

i<i<d l<i<j<d

+ Y (t—(d+1)x)D,
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and D,;=d/0x,. Therefore,
(5) UV,f=V,Uf, and
(6) VkeN,,
lim n{;,—1}= —k(k+d);

n-— o

i.e., the Bernstein—Durrmeyer polynomials show a saturation behavior.

In their book [1] on hypergeometrical and hyperspherical functions
from 1926, Appell and K. de Fériet defined and studied multivariate Jacobi
polynomials over the simplex .S with respect to the weight function w(x) =
xx3 - x%(1— |x|)P, o;, f> —1, 1 < j<d. We considered here «;=f=0,
1 € j<d, which corresponds to multivariable Legendre polynomials. For
this reason, we call 4(f) the Legendre coefficients of f, and V, f can be
viewed as the de la Valiée-Poussin means of the Legendre series of f on S.
We take {Q,, ,ImeN?, |m| =k} as a basis for &, for a purpose which will
become clear in Section 3. "

Appell and K. de Fériet gave another interesting basis for &, namely,

FR(x)=D™(x™(1~x)"), meNj

(24

|m| =k,

where D™ =0™/ox7" -..0x" which is the multivariable analogue of
Rodrigues’ formula for the Legendre polynomials. In addition,
{0% meN? |m|=k} and {F¥ meNZ |m/=k}, keN, form a
biorthogonal system on S, ie.,

QW FEI5=0, k#korm#m'

Appell and K. de Fériet gave the definition of F*) and of its differential
equation explicitly only for d=2. The case d> 2 follows easily from their
Chapter VII on hypergeometric series.

The double-sequence of multipliers has the property

k(k+d) |
Vke N,,and Vne N, Ak’"_ik'”ﬁlr;;l-(n_-i-d_)/tkn,
and consequently, V/ e L'(S) and Vne N,
uv,f - Uvf
7 V e V = V — = —_—
D Vid=Vl=pZey o W= L waa

We now define the subspaces D?(S) of L?(S), 1 < p< +o0, and D(S) of
C(S), respectively, through

DP(S)={fe L?(S)|3ge L*(S)
sVkeN,, VmeN?, |m| =k, —k(k+d) AX(f)=A%(g)},

640/68/3-3
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and the operator % from L?(S) into itself through %f = g; similarly on
C(S). % is a closed linear operator with dense domain D”(S). Indeed,
P < DP(S) and Vpe P, Up = Up; ie., % is the closed linear extension of U.

THEOREM 1. (a) For feD"(S), 1<p< +w, and feD(S), p=0,
respectively,
lim (n+1){V,f—f}=%  innorm.

a-—= o0

(b) Let fe L'(S) be such that

W ~fli=o(75) -

then f(x)=const a.e.
(¢) Let felL”(S), 1< p<owo, and fe C(S), p= o0, respectively. The
Sfunction f belongs to the saturation class, ie.,

n+1

||an—fn,,=0(n—i—l) (n— ),

exactly when f € D*(S) for 1 < p< +o0, while for p=1, f belongs to
{feL'(S)|3ue BV(S)aVkeN,, me N’ \m|=k,
—k(k+d) AG(f)= AW (du)}.

Furthermore, the approximation behavior of {V,};_, on L,(S),
1< p< +o0, and C(S), respectively, is completely described by the Peetre
K-modulus

K(fit, L7, D")=gisnlf)p{\lf— gl +elugl,}), >0

More precisely,

THEOREM 2. Let fe LP(S), 1 < p< 40, and fe C(S), p= +c0, respec-
tively.

1
VneN,, |[V,,f—f||p<constK(f;m;u, Dp>’

and conversely,
1

K(fimgi 17207 <const max (1V,f ~ £ 1,

where the constants depend only on p.
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These theorems' are proved in almost complete analogy to the one-
variable theory given in [2].

3. CHARACTERIZATION OF D*(S)

To simplify the problem, we shall state and prove our results for
d=2 only. For xeR? we write x=(x, y), for Q®(x),meN2, and
Im| =k, keN,,

OM(x, y) =Xy I+ 0<j<k,

and correspondingly, al*, A4, and H® =(h{")} _,, where A’ =
<QW, 015, Furthcrmore denotmg by a© and "4% Vectors with coef-
ficients given by the linear functionals a*’ and A*), 0 < j <k, respectively,
we have

H® gk = 4
The differential operator U can be written as

0 d 0 0 d 0
U=a{x(1—x)a—);-xy5;}+5)—){y(l —y);y—xya}.

For our purposes, however, a more useful form is
U=D,[x(1—x—y) D1+ D,{y(1 —x~y) D;]+ Ds[xyD;]
= U] + Uz + U},
where D, =0/0x, D, =0/0y, and D;=0/0x — d/0y. We have
LEMMA 1. The differential operators U, i=1,2,3, are self-adjoint and
commute with V, neN .

The statements of the lemma can be easily checked. Next we have
LeMMA 2. Let Q%) = Q%) :=0. Then for 0<i<k,keN,,

U, Q¥ = —i?Q®, —i(i+ 1) 0,
U0 = —(k =i Q%) — (k= )(k—i+1) Q¥

! While completing the paper we learned that the theorems have been formulated and
proved independently by W.Chen and Z. Ditzian as well as by M. M. Derriennic. These
authors also study linear combinations of the Bernstein~-Durrmeyer operator to achieve
higher order of approximation, while our emphasis lies on the characterization of the domain
of definition of the operator %.
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and
U0 =i20%), + (k— 1) Q) — [k +2i(k —i)] Q.

Proof. We prove only the first equality. Clearly, U,: %, - 4,
U QP e, and for 0<i<k

U, 0% = —i(i+1) Q% —i?Q®) +lower terms,

where “lower terms” means a polynomial in %, _,. Thus, by the self-
adjointness of U, and the orthogonality of the eigen-spaces &,, we get for
all0<j<k, keN,

AU, QP =0,  m+#k,
AU, Q)= —i(i+ 1) B —i?h%)_ where A, :=0.

Ji—12

It follows that for the function U, Q%
a™(U QN =0,m#k,  a(U Q¥)=0,j#ii-1,
while

a®(U,0%)= —i(i+1) and  a%,(U,0%)= —i% 1

The splitting of the operator # into the three parts %,, %,, and %,
allows us to reduce the two-dimensional problem to one-dimensional
problems. We therefore define for 1 < p < oo, the following subspaces of
L*(S),

Di(S)={feL’(S)|3g, € L7(S)
aVkeN,, 0< <k A (g)= —j2 A (f) =i+ 1) A1)},
D5(S)= {fe L*(S)|3g,e L*(S)
aVkeN,,0<j<k 4 (g,) = — (k—j)* A}, (f)
— (k= j)k—j+1) A]°()},
and
D4(S)={feL"(S)|3g;e L*(S)
sVkeN,, 0< <k A (g3) = j2A (f) + (k= j)* A7, (f)
— [k +2j(k~ /)1 4(f)}-

Furthermore, we define the linear operators %, with domain D?(S) through
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Uf=g:,i=1,2,3, and similarly, for p= oo, the subspaces D;(S) of C(S)
and the operators %,,i=1, 2, 3.
It follows from Lemma 2 and Fubini’s theorem that

={/eL?(S)ID,f, Dif€ Lioe($),
foralmostall0< y <1, x(1 - y—x) D, f(x, y) >0
asx -0+, (1 —y)—,and %, fe L*(S)},

where the derivatives are in the distributional sense. Analogous charac-
terizations hold for D5(S) and D4(S).
Since % = U, + U, + U, we have

3 3
() D?(S)=D*(S)  and () D;(S) = D(S).
i=1 i=1

For p=2 we even have equality.

LEMMA 3.

(3\ D(S) = DX(S).

i=1

Proof. We show DZ(S)>D*S). Let feD*(S). We set g=%f By
orthogonality,

I713= 3 Z Za‘“ £)a®() =Y XTHWX,,

k=0 ,j=0i=0 k=0

where X, =a®(f), and

lglli= Y K(k+2)X[HYX,.
k=1
Let g, be the function defined through
APNg)= =24 ()= JG+D AR, 0<j<k keN,.
We claim that g, € L*(S). To prove the claim, we write

A(k)(gl)szA(k)(f) VkeN,,

where B, is a lower triangular matrix in R**1**+1) with main diagonal
given by (0, —2, —6, .., —k(k+ 1)). Note that the matrix B, satisfies

AN, QW) =B AVQY),  0<igk,
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and taking into account that A¥(U,Q{)=A"(U,Q),0<i, j<k,
keN,, it follows that

BUH® = HWB]
Therefore, for Y, :=a®(g,)

H(k)Yk = A(k)(gl) = BkA(k)(f) = BkH(k)a(k)(f) = H“"BZX,(,

giving Y, = B7X,. We now prove that for each ke N,

YTH®Y, <k*(k+2)* X]H®X,,
from which our claim follows. To do so, we shall suppress the sub- and
superscript k for the rest of the proof. Since both BHB” and H are sym-

metric and since H is positive definite, there exists an invertible matrix S
such that

H=S"S and BHB"=ST AS,

where A =diag(4q, 41, -, A¢). Since, furthermore, BH = HB" = STSB”, we
have

A=(ST)"'BHB"S "'=S(B")*S "
Therefore it follows from the particular form of B that

41 = max (4] =K(k+ 1)

[(EFES
Hence,
Y'HY=X"BHB"X = (SX)" A(SX)
< 4] (SX)" SX=k*(k+ 1) XTHX,

or g,€L*S) and || g,|l,< | gl ,. Similarly, we obtain that the functions g,
and g, are in L*(S) and that ||g,[,, lgsl.<lgl. §

In other words,

COROLLARY. For each f € D*(S), fe DX(S), 1 <i<3, and

3
%Sl < NUf < X 1%,

i=1

We can now characterize the saturation class of the Bernstein—
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Durrmeyer polynomials in L?(S) by means of differentiability properties of
the functions. Indeed, if we set

@16 P)=y/x(1=y=x),  @alx, y) =/ W1 —y—x)
(p3(x,y)=\/x, (x’y)€S7
it follows easily from the definitions of the subspaces D*(S), i=1,2,3,
above and from Lemmas 4 and 5 of [2] (see the following section):

THEOREM 3. The saturation class D*(S) of the Bernstein-Durrmeyer
polynomials in L*(S) is equivalent to the Sobolev space

W3S)={feLXS): D, f, D,f, D1/, D}f, D, D, f€ Lioo(3),
and 9D} f, 93D f, 93D3 fe LX(S)}.

Moreover, there exists a constant such that Vf € D*(S)

3
lo?Dif la<|1%f ||, < const [llfllﬁz ll(ﬂfofllz]-

const

4. CHARACTERIZATION THROUGH MODULI OF SMOOTHNESS

For xe S = R? we write

@i(X)=g;(x)=/x;(1-|x]), 1<i<d
and
(pij(x) =N xi—xj, 1 Sl<]<d,

D;=D;:=0/0x;,1<i<d, and D;=D;,—D;, 1<i<j<d Furthermore,
the operator U can be rewritten as

U= Z D;(x;(1—|x{)D;)+ Z D;(x;x;Dy)

1<i<d 1<i<j<d
= > U+ Y U,.
1<isd I<i<j<d

For a function fe D”(S), the smoothness of Uf is determined by the
second order terms of differentiation, i.e., by

Y x(1-xDD¥+ ¥  xxDif= Y  @lDif

1<isd I<i<j<d 1€igjsd
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We thus define for 1 < p < oo the Sobolev spaces
Wi={feL?(S)|D.f, D;f, D}f, D} f € Lo(S),
and 3D} fe L7(S), 1<i<j<d}.
First we prove

LEMMA 4. Let 1< p< +ow0. WE? < D?(S), and

Ve Wg®  IUf(,<const [llfl1p+ ) licof-,-D?,-fllp]-

I1gigj<d
Proof. By the factorization of Uf given above, we have

1url,< X WL+ X 1Ufl,

1<i<d l<i<j<d

For the proof we denote the differential operator U for the one-dimensional
case by U¥*; i.e., we write

U*g=[0%'], where o(z)=./z(1—-z2),0<z<1.

First, we estimate the term U, f. For x=(x,, x,, .., x,) € R%, we write
X, = (x4, .., x;) and denote the associated face S, by

S ={x,:x=(x;,x,)e S}

Changing the variable x; into z by setting x, =(1—1x,|)z, 0<z <1, for
fixed x,, we have

WU S I5=] 10,0017 dx
=[ ax | IDDx (= k) Dy a

= [ a-ihax [ ot

where g(z) = f((1 — |x,]) z, x5, ..., X;). We now apply Lemma 3 of [2] to
the last integral, and get

1 1
|U, )5 < const | (1—|x1|)dx1U 8(a)1” dz + | l(pz(z)g,,(z)lpdz]
Sy 0 0

—const [_ax [ [ o ani+ [ ot D001 |

=const[|| /1|2 + @I DI f17].
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By symmetry, this inequality can be established for all U, f, 1 €i<d, and
also for all U, f, 1 <i<j<d, by noting that under the linear transforma-
tion T,:x,—» 1 —|x| and x; - x;, j#1,

Ujif: Uj(f" Ti)' I
Similarly, by Lemma 4 of [2], we have

LEMMA 5. Let 1 < p< 400, For a function f e L?(S)
lo;Difll,<comst|[Uyfll,, 1<i<j<d,

whenever the left-hand side is defined.

With these results, Theorem 3 can be written for arbitrary dimensions as

THEOREM 3bis. D*(S)= W 3*(S), and for each f € W3*(S),

Y leiDifl,

Isisjsd

<Hl0ﬂ2<conﬂ[ﬂfnz+ ) n¢§D3fu{}

i<i<j<d

const

In particular, the approximation behavior of {V, } >, on L*(S) is completely
characterized by the K-modulus K(f; 1/(n+1); L?, W2?).

Let fe L'(S). We define for almost all xe S,

f(x+te)—2f(x)+ f(x —te), x+teesS,
0, otherwise,

A% fix )-{

where e is a fixed vector in R? and 0 << 1. Furthermore, we define the
modulus of smoothness with weighted increments by (cf. Chap. XII in [8])

(p‘je‘,(f 5)p_ Sup |Alq)ue.,f”p’ 1 slgjgd,
and

wp(f;6),= Y 0l (f;0), 1<p<+oo,

Isisj<sd

where e;,=¢; and e;=e;—e;, i <j, with e; the ith natural basis vector in
R4 1<i<d We have
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LEMMA 6. Let 1< p< +00. There exists a constant, only dependent on
p, such that Nfe L?, and 6 >0,

—— 03(/:0), <K(f: 8% L/, Wiit) <const 0}(f: 6),.

We shall prove a more general version of this lemma along with an
application to the Bernstein polynomials on simplices in a subsequent
paper [4].

The following theorem is an immediate consequence of Lemma 6 and
our results presented above.

THEOREM 4. Let fe LP(S), 1 < p< +o0. Then

VneN,, 1|V,,f—f\l,,<const{l’|£—ul"+wi(f; 1/,/n+1)p}.

Furthermore, for e L(S),
w3(f;1/3/n+1),<const max VS =12}

We conjecture that the inverse part of the theorem remains true for all
p, 1< p< +o0.
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